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Gravitational collapse and frequency shift

M. M. SOM
Physics Department, City College, Calcutta, India
MS. received 31st October 1967, in final form 4th March 1968

Abstract. This paper treats the problem of a spherically symmetric collapse in the
background, not of an empty space, but of an expanding universe. Transformation
formulae are presented which make the metric tensor components, together with their
first derivatives, continuous at different boundaries. It is shown that collapse takes
an infinite time to reach an observer in the expanding system, although it takes a
finite time to reach an observer located in the collapsing system. The occurrence
of the event horizon for different models is studied and the expression for frequency
shift is deduced. It indicates a cut-off as the collapsing system reaches the
Schwarzschild singularity.

1. Introduction

The problem of gravitational collapse has usually been studied in the background of a
Schwarzschild field which asymptotically becomes Euclidean. It would be interesting
and a little more realistic to consider the case where the collapsing system forms part of an
expanding universe. In a recent paper Raychaudhuri (1966) has considered a spherically
symmetric ‘universe’ in which a limited spherical region ultimately collapses, while the
universe at large monotonically expands and at large distances the line element tends
asymptotically to that for the isotropic universe of negative space curvature. He found that
the ever-expanding region does not receive any signal from a point in the collapsing region
once contraction sets in there. In Raychaudhuri’s paper it is assumed that a single co-
ordinate network, which is everywhere co-moving, can be introduced throughout the
universe without introducing singularities. This necessitates, in particular, that the velocity
field must be continuous. However, when one has coexisting collapsing and expanding
regions, it seems natural that there would be discontinuities in the velocity, and this would
in turn bring in discontinuities in the matter distribution. We shall, in the present paper,
therefore consider a spherically symmetric universe in which the collapsing region is
separated from a background (which for simplicity we take a homogeneous universe of the
Friedman type) by an empty region.

Our model is thus similar to that of Einstein and Straus (1945), except that, instead of
their singularity at the spatial origin, we have a collapsing dust distribution over a finite
region about the origin.

2. Metrics in the three regions and transformation formulae
For the collapsing region we can use a cosmological line element, so that we have

e
ds? = di? — ———— dr? +v2 d6? 4-v? sin? 0 d? 1
s (1+Z¢2/4R12)2( r? 7 +7%sin? 0 d¢?) (1)
for » < @, where ¢ is a monotonically decreasing function of £, Z = 0, +1 or —1 and R,
is a constant.
The field equations give

0= — ie_;_q - %q — i(fg)z (2)
R2 o2 4\ 0t
R,? 4 \ ot

p1 being the matter density in the collapsing region, which is assumed to be uniform,
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For 7 > a and extending to the homogeneous expanding universe we assume an empty
space, where we have the Schwarzschild line element

2 2
ds? = (1— —m) de—(1— —”3)
R R

Lastly, beyond the empty-space region we have the expanding universe, where the line
element is

1
dR? — R2(d62 +sin® 0 dg>). (4)

et .
dsz = d7'2—— W<dp2+p2 d92+p2 st ed(ﬁz) (5)

for p = b, where g is a monotonically increasing function of 7, K = 0, +1 or —1 and R,
is a constant.
The field equations give, analogous to (2) and (3),

Ke ¢ 02 3 09\ 2
():____e____g_._(,é’) (6)
R,? o2 4 \or
3Ke=¢ 3 /9p\2
8rpy = 122 7
s =t =) (7)

po being the uniform matter density in the universe.
There exist transformations to make the line elements (1) and (4) or (4) and (5) con-
tinuous. The transformation formulae are for (1) and (4) (Raychaudhuri 1953)

R=¢
p_ Sregenegje, oot ®
(8q/@f)(§2 —- Zm) 21’(52 - Zm)

where ¢ = £(r, 1) satisfies the differential equation

() s (3

ox ot

o=

m 9

in which # = In 7, and the Schwarzschild mass m is related to the density p; by

\ aPeB4/2
"z R v
¢ satisfies, to ensure the continuity at » = g, the boundary condition
a’ed
§(a, 1) = I+ ZEAR (11)

The quantity £ can be expressed in terms of elliptic functions. In his paper Raychaudhuri
(1953) showed that the transformation (8) makes the first derivatives of the metric tensor
components also continuous. Again, for the continuity of (4) and (5) we have relations
similar to equations (8), (9), (10) and (11):

R = »?

_ Sp(an/ﬁp)z(an/af)pd N 7n® ogloT

T 8/

(9g/ér)(n* —2m) 20(n?—2m) " (89

877 2 L e 16 ag 2 ,
(_8;) =t ien (a) —im 9"
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in which y = In p and /
b3 3412

by O 10
N AP T Rb AR 2) (109

pg being the density in the universe and b the boundary value of the radial variable p.
Also

b et

T (1+ KB JAR2)*

Equations (10) and (10") establish a relation between the collapsing region and the
universe in such a way that the mass of the matter in the collapsing region may be said to
be equal to the mass that would have been present in the region 0 < p < b if the universe
were completely homogeneous.

We may next examine the relation between the flux of time at the boundary » = a
and the flux of time for the observer in the universe. Comparing (8) and (8'), we have

7%(6, 7) (117)

§€=n
or
3 o0& (0 on
d (—a—l)rdur (—a;)tdr - (E>pd7+ (a—p)rdp (12)
an
Br(o¢or)(e¢/et), & eqlet  Bp(on[op)(en/or), ,  m°oglor
T o drttg —dp. (19

For equations (12) and (13) we now obtain
80(&n/0p)n/87), nﬁ(ag/af)(@n/af)p} s {87(36/37)z(8§/5t)r_ ne(ag/av)(ag/at),} i

og|or 2p(&n/2p), aq/ot 2p(2n/p),
£%dg/ot  °(ogom)(oE]er),
+{ 2 2p(emop), } @

Remembering that at the boundary » = q, dr = 0, we obtain

0. e o) o) ) g
(6n/or), oq]ot 16p%(&n[8p).2 —n°(og ] or)? '

Now, as the boundary of the collapsing region approaches the Schwarzschild singularity
R = 2m, »* = £? — 2m, and from equation (9’) we find that the denominator of the right-
hand side of equation (14) tends to vanish. Now, if K = 0 or —1, dg/dr will be positive,
and hence with J¢/ot negative the numerator could not vanish. Thus any interval of time
dt on the surface of the collapsing system would correspond to an infinite time for the
expanding universe. However, if K = +1 the universe would after a finite time interval
start contracting, so that d¢ may correspond to a finite interval of time in the universe.
Indeed, signals would actually reach the universe after it too had collapsed inside the
Schwarzschild singularity.

(14)

3. Development of event horizon
One has for a radial light ray in the Schwarzschild coordinate system

T, Rg dR
ar= [T 15
J"1"1 By 1- zm/R ( )
an equation connecting the time 74, at which light leaves the source at the boundary
R = R, = £.2 of the collapsing system, with time 7', at which it reaches the observer at the
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boundary R = R, = 5,2 of the expanding system. Integrating equation (15), we obtair

R,-2
T,—T, = Ry—R,+2mIn 2"
L —2m
2
Mo —-Zm
=n2—f2+2ml
(i e W2 —2m
so that from equations (11) and (11') we have
b esi2 b es/2
Ty ————— -2mln |— s -2 )
2T I KRARE " (1+Kb2/4R22 "
ae?? aed?
=T ——————— —2min (————————— —2m>. (16)
1+ Za?[4AR 2 1+ Za?[4R,?

Now, if K = 0, we have from equations (7) and (10")

2 . 2/3
eg/ -——KTzl

3 /8my\ V2
o= - (—) >0
4\ 5

where

so that the left-hand side of equation (16) is unbounded for large values of T';. Hence,
to an observer at p = b in the expanding system, no event horizon develops until the col-
lapsing system reaches the Schwarzschild singularity. However, when K = —1, for large
values of T,, we have

e¥2 ~ T,/R
so that, if o/ B
b/R,
—_—
. 1-3%/4R,?
re. if
b>2(4/2-1R, (16")

the left-hand side of equation (16) becomes negative, so that the collapsing zone will be
cut off even before the Schwarzschild singularity is reached. But, for a suitable value of the
boundary value b of p, no event horizon develops before the Schwarzschild singularity is.
reached by the collapsing system. Thus equation (16") sets a condition on the boundary
value b.

4. Calculation of frequency shift
From equations (8) and (15) we have

T, " 2 dg
dT = - . 17
I 1, o )

Differentiating (17) with respect to time 7, we have

arT, 1 = Zﬁb(an/aTz)b aT, zfa(aé:/aTl)a

aT, 1=2mjn,? 0T,  1—2m[é?

an(an/@Tz)b} dTs _  _ 26a(5[0T)q

1=2m/n,2 1dT, 1—2mfE2

or

1- (13)
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Using equation (8), and remembering that dr = 0 at the boundary, we obtain

() - Caezm 19)
011/ 4 8(£2)a
where
o¢
’fr = ‘a—x
Using equation (8’), we have an analogous expression
(_8_77_) _ (0g]07)o(ny? —2m) (19%)
6To/ 8(n4)v
where
on
My = ay'
Hence from equations (18), (19) and (19’) we have
0Ty, 1—¢.3(aq/0t),[4(£,),
2 _ 1=85(a/00af4(E) )

0Ty 1= 7,%(g[6r)o/4(n,)e

Again, the proper times at reception and emission corresponding to dT, and dT, are,

respectively, o 0,262 7)) 12
ds, = [(1 - ;’5){1 - W-H dT, @1)
ds, = [(1 - ;ﬁz) (1 - %ﬂm dT,. 22)

Combining equations (20), (21) and (22) and equating the ratio of the proper periods of the
received and emitted light to the ratio of the corresponding wavelengths, we obtain an
expression for the wavelength change:

A-{-dé B is_z B 1—=2m[n,2\ 12 ((1 4+ a)(1—B))*/2
A A, (1-—2m/§a2) {(1—a)(l+ﬁ)} @)
where we have written
s () L
’ or b4(77y)b (24)
_eaff) 1
B=t (3t)a4-(§x)a

The first term corresponds to the usual gravitational shift. The terms involving « and 8
indicate the effects of the motions of the observer and the source, respectively. Since the
source is in the collapsing system and the observer is in the expanding system, 0g/0¢ is
negative, while dg/or is positive. Hence « and B are positive and negative, respectively,
so that both terms contribute to the red shift.

The expressions for o and f in terms of the mass m, 7,, £,, b, a, R, and R, are compli-
cated. We shall, however, calculate the effects for thecases K = Z = 0and K = Z = +1
separately.

Case (i), K=2 =0
From equations (1), (3), (9) and (11) one has

€e=it and &2(2) = zEmps.

ot),
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The upper sign before the radical corresponds to negative dg/dt (collapse), while the lower
sign corresponds to positive dg/ ot (expansion). Again, from equations (3), (7), (9') and (117)
one has the analogous expression

(ny)s = 1 and  7,° (_O__g) = *(8m)l2.
a’T b

In this case the upper sign corresponds to positive dg/dr (expansion) and the lower sign
to negative dg/dr (contraction),
Hence from equations (23) and (24) one has
A+dr 1+ (2m) 2]y,
A 1T @M

Equation (25) shows the cut-off for the collapsing system at the Schwarzschild singularity
£,2 = 2m, since 7% > 2m.
Case (it). K=2 = 1

With the aid of equations (1), (3), (4), (11) and (5), (7), (9') and (11’) one can reduce
equation (23), considering the conditions of continuity of £ and 7, to the form

(25)

A+dA <1 —Zm/nbz)uz {1 ;)\l(zm/%z)m}l/z 1+ Az(zm/faz)llz}llz 26
N A \1—2mj¢? 1+ X, (2m[n,2)42 {1 T A (2m/[€,2) M2 (26)
where
2 2 242
7p2\ Kb Kb
A=1+1- —]—[1-— 27
1 +( Zm) R22( 4R22) ( )
£.2\ Za? Za2\ 2
2m/ Ry 4R,

It is interesting to note the implication of equations (25) and (26) as the boundary
approaches the Schwarzschild singularity, i.e. £,2 — 2m. For the ever-expanding universe
(K =0, —1)7,2 > 2m, and hence both (25) and (26) give a cut-off corresponding to an
infinite dA/A. For the model K = +1, however, eventually a contracting phase ensues,
s0 71,2 goes on decreasing indefinitely. However, as 9,2 < 2m (Schwarzschild singularity)
A, also becomes greater than unity; the possibility then exists that the light signal from the
collapsed system would reach the boundary of the universe when 7,2 < 2m.

5. Conclusion

Whereas in Raychaudhuri’s paper it was found that the collapsing zone is excluded
from the onset of contraction, we find here that for K = 0, and also for a suitable value of
b for K = —1, the contraction may be observed up to the development of the
Schwarzschild singularity.
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